In this paper we show that for every positive integer n there exists a prime number in the interval [n, 9(n + 3)/8]. Based on this result, we prove that if a is an integer greater than 1, then for every integer n > 14.4a there are at least four prime numbers p, q, r, and s such that n < ap < 3n/2 < aq < 2n and n < r < 3n/2 < s < 2n. Moreover, we also prove that if m is a positive integer, then for every positive integer n > 14.4/ m √ 1.5 − 1 m there exist a positive integer a and a prime number s such that n < a m < 3n/2 < s < 2n, as well as the fact that for every positive integer n > 14.4/ m √ 2 − m √ 1.5 m there exist a prime number r and a positive integer a such that n < r < 3n/2 < a m < 2n.
Introduction
The well-known Bertrand's postulate, which was first proved by P. L. Chebyshev in 1850, states that for every integer n > 3 there exists a prime number p such that n < p < 2n − 2. Another formulation of this theorem, though weaker, is that for every integer n > 1 there exists a prime number p such that n < p < 2n. Nowadays, these results are known as Bertrand-Chebyshev theorem or Chebyshev's theorem.
Generalizations of Bertrand-Chebyshev theorem and better results have been obtained by using both elementary and nonelementary methods. In 1998, Pierre Dusart [1] proved that for every n ≥ 3275 there exists a prime in the interval [n, (1 + 1/(2 ln 2 n))n]. He improved this result in 2010 [2] , when he proved that for every n ≥ 396738 there exists a prime in the interval [n, (1 + 1/(25 ln 2 n))n]. In 2006, M. El Bachraoui [3] had proved that there exists a prime in the interval [2n, 3n] , and in 2011 Andy Loo [4] proved that there exists a prime in the interval [3n, 4n]. In Sect. 6 we will see that Theorem 6.5 implies these results obtained by M. El Bachraoui and Andy Loo. In 2009, Carlos Giraldo Ospina (Lic. Matemáticas, USC, Cali, Colombia) proposed a proof of Polignac's conjecture in his web article entitled Primos Gemelos, Demostración Kmelliza. In some of his web articles, C. Giraldo Ospina uses a so-called Breusch's interval to propose proofs of general mathematical conjectures. This author assumes that Breusch's interval [n, 9(n+3)/8] contains at least one prime number for every positive integer n.
The purpose of this work is to prove that there exists a prime in the interval [n, 9(n + 3)/8] for every positive integer n and to use this result to study the interval [n, 2n], not only as regards prime numbers, but also as regards composite numbers and perfect powers in the mentioned interval. We will start by giving a proof that π[n, 9(n + 3)/8] ≥ 1, ∀n ∈ Z + (see Sects. 2-5). The interval [n, 9(n + 3)/8], which is easier to manipulate than other intervals, is later used in this paper to give proofs of the main results, which have already been stated in the abstract of this work. Please see Sects. 6, 7, and 8 for proofs of Theorems 6.6, 7.7, and 8.4 respectively.
Dusart's Interval
Definition 2.1. In 1998, Pierre Dusart [1] proved that for every n ≥ 3275 there is at least one prime number in the interval
where ln denotes the natural logarithm. The mentioned interval will be referred to as Dusart's interval.
Since ln 2 n ≡ (ln n) 2 , it follows that Dusart's interval can also be expressed as In Sect. 4 we are going to prove that there is at least one prime number in Breusch's interval for every positive integer n. This statement may have been proved a long time ago; however, we will need to provide a clear proof that it is true. It is easy to verify that the value of 2(ln n) 2 increases as the value of n increases, which means that the value of 1/(2(ln n)
2 ) decreases as n increases. All this implies that the value of 1 + 1/(2(ln n)
2 ) decreases as the value of n increases.
If we consider n = e, where e is the base of the natural logarithm, we have
Now, if we consider n = e 2 , we have Combining Lemmas 4.1 and 4.2, we obtain the following result, which we will express as a new lemma: Lemma 4.3. For every n ≥ e 2 we have n < 1 + 1 2(ln n) 2 n < 1.125n + 3.375, which means that for every integer n > e 2 , a Breusch's interval contains at least one Dusart's interval.
As we already know, Dusart's interval contains at least one prime number for every n ≥ 3275 (see Definition 2.1). If we combine this true statement with Lemma 4.3, we conclude that for every integer n ≥ 3275 a Breusch's interval contains at least one Dusart's interval containing at least one prime number. This means that Breusch's interval [n, 9(n + 3)/8] contains at least one prime number for every integer n ≥ 3275. With the help of computer software it can also be proved that there is a prime number in Breusch's interval for every integer n such that 1 ≤ n ≤ 3274: We have proved that Breusch's interval [n, 9(n + 3)/8] contains at least one prime number for every positive integer n.
π n, 9 (n + 3) 8 ≥ 1, ∀n ∈ Z + 6 Theorems 6.4, 6.5, and 6.6
In Sect. 4 we have proved that for every positive integer n there is always a prime number in Breusch's interval [n, 9(n + 3)/8]. In this section, we are going to use this result to find out two things:
• the value that a positive integer n can have so that there always exists a prime number p such that n/a < p < 3n/2a, and
• the value that a positive integer n can have so that there always exists a prime number q such that 3n/2a < q < 2n/a.
Remark 6.1. In this paper, whenever we say that a number b is between a number a and a number c, it means that a < b < c, which means that b is never equal to a or c (the same rule is applied to intervals). Moreover, the number n that we use in this paper is always a positive integer.
6.1 Breusch's interval between n/a and 3n/2a
Let us suppose that a is a positive integer. We need to know the value that n can have so that there exists a prime number p such that n/a < p < 3n/2a. If
In order to achieve our goal, we need to determine the value that n can have so that there exists at least one Breusch's interval (and thus a prime number) between n/a and 3n/2a. The integer immediately following the number n/a will be denoted by n/a+ d. In other words, n/a + d is the smallest integer that is greater than n/a:
• If n/a is an integer, then n/a + d = n/a + 1, because in this case we have d = 1.
• If n/a is not an integer, then in the expression n/a+d we have 0 < d < 1. We do not have any way of knowing the exact value of d if we do not know the value of n/a first.
The reason why we work in this way is because the number n that we use in Breusch's interval is always a positive integer. Now, let us make the calculation. We have
We need to pick the largest possible value of d, which is d = 1 (if 9 × 1 + 27 < 3n/a, then 9d + 27 < 3n/a for all d such that 0 < d ≤ 1):
So, if n > 12a, then there is at least one prime number p such that n/a < p < 3n/2a. This means that if n > 12a, then there exists a prime number p such that n < ap < 3n 2 .
We will state this result as a lemma:
Lemma 6.2. If a is a positive integer, then for every integer n > 12a there exists at least one prime number p such that n < ap < 3n/2.
6.2 Breusch's interval between 3n/2a and 2n/a Now we need to calculate the value that a positive integer n can have so that there is at least one Breusch's interval (and thus a prime number) between 3n/2a and 2n/a. The integer immediately following the number 3n/2a will be denoted by 3n/2a + d. In other words, 3n/2a + d is the smallest integer that is greater than 3n/2a. Let us take into account that d = 1 or 0 < d < 1 depending on whether 3n/2a is an integer or not respectively. Let us make the calculation. We have
We need to pick the largest possible value of d, which is d = 1 (if 9 × 1 + 27 < 5n/2a, then 9d + 27 < 5n/2a for all d such that 0 < d ≤ 1):
9 × 1 + 27 < 5n 2a 9 + 27 < 5n 2a
So, if n > 14.4a, then there is at least one prime number q such that 3n/2a < q < 2n/a. This means that if n > 14.4a, then there exists a prime number q such that 3n 2 < aq < 2n.
Lemma 6.3. If a is a positive integer, then for every integer n > 14.4a there exists at least one prime number q such that 3n/2 < aq < 2n.
In Lemma 6.2 we have n > 12a, while in Lemma 6.3 we have n > 14.4a. Now, if n > 14.4a, then n > 12a. In other words, n > 14.4a ⇒ n > 12a.
(
Lemmas 6.2 and 6.3, and implication (1) lead to the following theorem:
Theorem 6.4. If a is any positive integer, then for every positive integer n > 14.4a there is always a pair of prime numbers p and q such that n < ap < 3n/2 < aq < 2n.
From Theorem 6.4 we deduce the following theorem:
Theorem 6.5. For every integer n > 14.4 there always exist prime numbers r and s such that n < r < 3n/2 < s < 2n.
If n > 14.4a, then there is always a pair of prime numbers p and q such that n < ap < 3n 2 < aq < 2n, according to Theorem 6.4. If n > 14.4, then there is always a pair of prime numbers r and s such that n < r < 3n 2 < s < 2n, according to Theorem 6.5. Now, if n > 14.4a and a > 1, then n > 14. 4 . As a consequence, we state the following theorem: Theorem 6.6. If a is a positive integer greater than 1, then for every positive integer n > 14.4a there are always at least four prime numbers p, q, r, and s such that n < ap < 3n/2 < aq < 2n and simultaneously n < r < 3n/2 < s < 2n.
As we have stated at the beginning of this paper (see Sect. 1), in 2006 M. El Bachraoui proved that there exists a prime in the interval [2n, 3n]. Moreover, in 2011 Andy Loo proved that there is a prime in the interval [3n, 4n]. Now, Theorem 6.5 implies these results obtained by M. El Bachraoui and Andy Loo, since that theorem implies that for every integer 2n > 14.4 there exist prime numbers r and s such that 2n < r < 3n < s < 4n. In the following table we also show that the interval [2n, 4n] contains at least two prime numbers r and s such that 2n < r < 3n < s < 4n for every integer 2n such that 2 ≤ 2n ≤ 14: By using the interval [n, 9(n + 3)/8] and doing some manual calculations, we can also prove the following:
• There exists a prime in the interval [4n, 5n] for every positive integer n = 2.
It is easy to prove that this is true if we take into account that 9(4n + 3)/8 ≤ 5n when n ≥ 27/4 = 6.75.
• There exists a prime in the interval [5n, 6n] for every positive integer n.
It is easy to verify that this is true if we take into account that 9(5n + 3)/8 ≤ 6n when n ≥ 9.
• There is a prime in the interval [6n, 7n] for every positive integer n = 4.
This can be easily proved if we consider that 9(6n + 3)/8 ≤ 7n when n ≥ 27/2 = 13.5.
• There is a prime in the interval [7n, 8n] for every positive integer n = 2.
This can be easily proved if we consider that 9(7n + 3)/8 ≤ 8n when n ≥ 27.
Of course, other intervals can be obtained by using Breusch's interval [n, 9(n + 3)/8] or Dusart's intervals [n, (1 + 1/(2 ln 2 n))n] and [n, (1 + 1/(25 ln 2 n))n], for example [2n, 2.25n + 3.375] and [4n, 4.5n + 3.375].
7 Theorems 7.3, 7.6, and 7.7
Let us suppose that n is a positive integer. We need to know the value that the number n can have so that there is always a perfect square a 2 such that n < a 2 < 3n/2.
Remark 7.1. We say a number is a perfect square if it is the square of an integer. In other words, a number x is a perfect square if √ x is an integer.
Perfect squares are also called square numbers.
Remark 7.2. Throughout this paper, we use the symbol || to denote the absolute value of a number or expression. For example, the absolute value of x is denoted by |x|.
In general, if m is any positive integer, we need to know the value that the number n can have so that there is always a positive integer a such that n < a m < 3n/2.
We have n < a m < 3n/2. This means that m √ n < a < m 3n 2 .
As we said before, the number a is a positive integer. Now, the integer immediately following the number | We need to pick the largest possible value of d, which is Proof.
This means that if
It is very easy to verify that 2 m > 1.5 for every positive integer m. Consequently, if m is any positive integer, then 1/
Remark 7.5. In general, to prove that an inequality is correct, we can solve that inequality step by step. If we obtain a result that is obviously correct, then we can start with that correct result, 'work backwards from there' and prove that the initial statement is true. In Sect. 6 we proved that for every positive integer n > 14. 4 there exist prime numbers r and s such that n < r < 3n/2 < s < 2n. This true statement is called Theorem 6.5. Now, the following theorem is deduced from Theorems 6.5, 7.3, and 7.6: Taking into account that m is a positive integer, let us find out the value that the number n can have so that there is always a positive integer a such that 3n/2 < a m < 2n. We have m there exist a prime number r and a positive integer a such that n < r < 3n/2 < a m < 2n.
